Abstract. In this paper, we begin a classification of the vertex-transitive tournaments of order pq where p and q are distinct odd primes. In particular we characterize the pq-circulant tournaments; see Theorem 4.3. Moreover, we determine 2-closed (in Wielandt's sense) oddorder transitive permutation groups of degree p and pq by using the classifications of vertextransitive tournaments of order p and pq. We prove that each such 2-closed group containing a cyclic regular subgroup is the full automorphism group of some circulant tournament.
Introduction
A tournament is a digraph G such that for any two vertices v, w, exactly one of the ordered pairs ðv; wÞ and ðw; vÞ is an arc of G. In this paper we begin the study of the vertex-transitive tournaments, that is, tournaments with the property that their full automorphism groups are transitive on the vertex set. This property is interesting because the condition 'vertex-transitive' implies that the digraph is highly symmetric. In fact, we suppose the stronger symmetry condition of arc-transitivity, that is, the full automorphism group A is transitive on the arc set of the tournament G; then it is easy to see that A is 2-homogeneous but not 2-transitive on the vertex set. Since such permutation groups are classified, see for example [4, Section 9.4] , such tournaments are known too. So we shall study tournaments which are vertex-transitive. In this paper, we begin a classification of the vertex-transitive tournaments of order pq where p, q are distinct primes. A classification of vertex-transitive pq-digraphs has been given in [6] . Our goal here is to give a more detailed description of vertex-transitive pqtournaments which belong to a special class of vertex transitive pq-digraphs.
Let G be a vertex-transitive tournament of order pq. Our main result (Theorem 4.3), asserts that if G is a circulant then G is either a lexicographic product of two prime order tournaments or a normal Cayley digraph of Z pq ; if G is not a circulant then G is a ðq; pÞ-dimetacirculant and AutðGÞ ¼ Z p z Z t where qjt and t j p À 1. (For a detailed explanation of our terminology and notation, see Section 2.) Hence circulant tournaments of order pq are characterized in this paper, (see the remark after Theorem 4.3). Non-circulant tournaments of order pq will be studied in [8] .
Suppose that G is a vertex-transitive tournament. Let A ¼ AutðGÞ. Since the arc set of G is a union of some orbitals of A (an orbital of A being an orbit of A in its natural action on the Cartesian product of the vertex set with itself ), no orbital of A is selfpaired and so A is of odd order. By a famous theorem of Thompson, A is solvable. Conversely, given an odd-order transitive permutation group G c SymðWÞ, by choosing suitable orbitals of G to be the arc set it is easy to construct a tournament G with the vertex set W such that G is G-vertex-transitive where G c AutðGÞ. So the study of vertex-transitive tournaments is closely related to the study of odd-order transitive permutation groups.
Recall that the 2-closure (see [7] ) G ð2Þ of a permutation group G on W is the largest subgroup of SymðWÞ with the same set of orbits on ordered pairs as G. We say that G is 2-closed if it is equal to its 2-closure. Noting that the full automorphism group of a digraph is 2-closed, we have that the full automorphism group of a vertex-transitive tournament is 2-closed. A natural question is whether every 2-closed transitive permutation group of odd order is a full automorphism group of some tournament. A more general question is how to determine the 2-closed transitive permutation groups which are not the full automorphism groups of any digraphs; see for example [10, Question 1] . This question is further motivation for this research. To answer it for odd-order 2-closed transitive permutation groups, we found it worth while to study vertex-transitive tournaments first. In this paper, using the classification of vertex-transitive tournaments, together with Wielandt's dissection theorem, we study 2-closed odd-order transitive permutation groups. Particular attention will be given to 2-closed odd-order transitive permutation groups of degree p and pq which contain regular cyclic subgroups. We prove that such a group must be the full automorphism group of some circulant tournament. Our main results are Theorem 3.7, Theorem 5.4 and Theorem 5.5.
Preliminary results
First we introduce notation and basic definitions. When we say that G ¼ ðV ; AGÞ is a digraph, we mean that V is the vertex set of G and AG (sometimes written as AðGÞ) is its arc set. For digraphs G ¼ ðV ; AGÞ and S ¼ ðW ; ASÞ, the lexicographic product G½S of S by G is the digraph ðV Â W ; AðG½SÞÞ such that ððv 1 ; w 1 Þ; ðv 2 ; w 2 ÞÞ is an arc if and only if either ðv 1 ; v 2 Þ A AG, or v 1 ¼ v 2 and ðw 1 ; w 2 Þ A AS.
An important class of vertex-transitive digraphs is the class of Cayley digraphs. Given a finite group G, and a subset S H Gnf1g, the Cayley digraph G ¼ CayðG; SÞ with respect to S is defined as the directed graph with vertex set G and arc set AG ¼ fðg; sgÞ j g A G; s A Sg. Moreover, a Cayley digraph of a cyclic group is called a circulant. [9] . We suppose that the vertex-transitive tournament G is also a Cayley digraph CayðG; SÞ for some group G. Then jGj ¼ jGj must be odd and hence the Cayley subset S of G satisfies the conditions S V S À1 ¼ q and S U S À1 ¼ Gnf1g. Conversely, if G has odd order, then for all g A Gnf1g we have g 0 g À1 . In order to construct a Cayley subset S satisfying the above conditions, we just pick one element from each pair fg; g À1 g. Hence there are 2 ðjGjÀ1Þ=2 distinct such subsets S, and each corresponding Cayley digraph CayðG; SÞ is a vertex-transitive tournament. In summary, we have the following lemma.
Lemma 2.1. Suppose that G is a finite group of odd order and S H Gnf1g. If further S V S À1 ¼ q and S U S À1 ¼ Gnf1g, then G ¼ CayðG; SÞ is a vertex-transitive tournament. Conversely, if the Cayley digraph G ¼ CayðG; SÞ is a vertex-transitive tournament, then G is of odd order, S V S À1 ¼ q and S U S À1 ¼ Gnf1g.
A more general class of vertex-transitive graphs, called metacirculants, was introduced in [1] . This terminology has been generalized to dimetacirculants (directed metacirculants); see for example [6] . We will not discuss dimetacirculants which are not circulants in detail in this paper; we refer the readers to [1] , [6] for the basic definitions. We shall need the following result and the fact that the automorphism group of a dimetacirculant of order pq has a transitive metacyclic subgroup. A transitive permutation group is called quasiprimitive if every non-trivial normal subgroup is transitive. More generally, a transitive permutation group is called innately transitive if there exists one transitive minimal normal subgroup; see [2] . Obviously, quasiprimitive groups must be innately transitive, but the converse is not true. Next we look at the vertex-transitive tournaments such that their automorphism groups are innately transitive. 
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Theorem 2.5 ([7, Wielandt's dissection theorem]). Let G be a permutation group on W and let G and D be disjoint subsets of
Then the following are equivalent:
3 Vertex-transitive tournaments of order p
Let p be an odd prime. In this section we classify and count the number of isomorphic classes of vertex-transitive tournaments of order p. Moreover we prove that each odd-order transitive permutation group of degree p is the full automorphism group of some tournament, and so is 2-closed. We will need these results in the next section when we handle vertex-transitive tournaments of order pq. Proof. Note that A is of degree p, so A is primitive. By Lemma 2.1 and Lemma 2.3, G ¼ CayðZ p ; SÞ is a circulant of order p where S V S À1 ¼ q and S U S À1 ¼ Z p nf1g. On the other hand, we have seen that A is of odd order and hence is solvable.
where k is an odd positive integer and k j p À 1. r
The above lemma classifies vertex-transitive tournaments of order p. In order to compute the number of isomorphic classes of vertex-transitive tournaments of order p, by Lemma 3.1 it is su‰cient to count the number of vertex-transitive tournaments of order p with full automorphism group Z p z Z k for each odd divisor k of p À 1.
Let k be an odd positive integer such that k j p À 1. We define
By Lemma 3.1, for each S 1 A S 0 k , we have that CayðZ p ; S 1 Þ is a vertex-transitive tournament such that its full automorphism group is Z p z Z k . Conversely, let G be a vertex-transitive tournament of order p such that AutðGÞ ¼ Z p z Z k ; then there ex- In order to compute jS 0 k j, we define
We first compute jS k j.
. We consider the natural action of Z k on the set W ¼ Z p nf1g. Since this action is semiregular, every orbit of Z k has length k:
Therefore, by relabelling these orbits, we may suppose that O vertex-transitive tournaments of order p with automorphism group isomorphic to Z p z Z k .
Proof 
Let G ¼ CayðZ p ; SÞ. By Lemma 3.1 we have Z p z Z k c AutðGÞ c Z p z Z d . By the choice of S, we have AutðZ p ; SÞ ¼ Z k and hence S A S 0 k as asserted. r Theorem 3.7. Let p be an odd prime. For any odd-order transitive permutation group G of degree p, G is the full automorphism group of some tournament of order p and hence G is 2-closed.
Proof. It su‰ces to note that if G is an odd-order transitive permutation group of degree p, then G ¼ Z p z Z k where k is an odd divisor of p À 1. The result follows from Corollary 3.6. r
Vertex-transitive tournaments of order pq
We first consider the solvable transitive permutation groups of degree pq where p, q are distinct odd primes. The following lemma is the key for the proof of our main result, Theorem 4.3. (2) G ¼ Z p z Z t is metacyclic with qjt and t j p À 1. Moreover, G has no cyclic regular subgroup.
Proof. Note that M has q orbits B ¼ fB 1 ; . . . ; B q g on the set W and M is semiregular on W. We may identify W with B Â f1; . . . ; qg in such a way that M is So we may suppose that K V C ¼ M G Z p is semiregular on W. Thus we have
Z t is metacyclic and t j ðp À 1Þ. Note that ðt; pÞ ¼ 1; it follows that G ¼ Z p z Z t is a split extension. Since G is of degree pq, it is easy to see that qjt. Since M is the unique Sylow-p subgroup of G and C G ðMÞ ¼ M, it follows that G has no cyclic regular subgroup and so Case 2 applies.
Finally, we assume that S is a transitive subgroup of S q . Note that G is solvable, and so S ¼ Z q z Z k c Z q z Z qÀ1 where k j ðq À 1Þ. Thus jC V Gj ¼ pqk. Pick an element g of order q from C V G. It is easy to see that hgi induces a transitive action on B and hence that g fixes no point of W. Let N ¼ Mhgi. Since g A C S pq ðMÞ we have
Next we show that hgi is the unique Sylow q-subgroup of C V G. Suppose that hg 1 i is another Sylow q-subgroup of C V G. Since S is solvable, hgi and hg 1 i induce the same subgroup Z q of S on B and we conclude easily that hg 1 i ¼ hgi is the unique Sylow q-subgroup of C V G. Therefore hgi char C V G t G. It then follows that hgi t G and so N t G. Thus Case 1 applies. This completes the proof. r Suppose that there exists an arc ðv; wÞ such that v A B i and w A B j . Take x A K i nK j such that x has order p. Applying x to ðv; wÞ, we have that v is adjacent to every point of the block B j . Since M is transitive on B i and B j , every point of B i is adjacent to every point of B j . This now allows us to define a vertex-transitive tournament G (1) G is a normal circulant;
where G 1 is a vertex transitive tournament of order p or q and G 2 is a vertex transitive tournament of order q or p; in particular, G is a circulant and moreover, in this case, AutðGÞ ¼ AutðG 1 Þ o AutðG 2 Þ; (3) G is a ðq; pÞ-dimetacirculant but not a circulant; moreover AutðGÞ ¼ Z p z Z t where qjt and t j p À 1.
Proof. Let A ¼ AutðGÞ. Since G is a vertex transitive tournament, A is of odd order and hence is solvable. Suppose first that A ¼ Z p z Z t where qjt and t j p À 1 and A has no cyclic regular subgroup. By Theorem 2.2, G is a ðq; pÞ-dimetacirculant. Clearly G is not a circulant in this case.
Next let M be a minimal normal subgroup of A. Then M ¼ Z In the first case, G is a normal circulant. In the latter case, by Lemma 4.2 we have that G is isomorphic to G 2 ½G 1 and A ¼ AutðG 1 Þ o AutðG 2 Þ where G 1 is a vertex-transitive tournament of order p or q and G 2 is a vertex-transitive tournament of order q or p. r Remark. If the vertex-transitive tournament G of order pq is a circulant, then either G is of lexicographic product form or G must be a normal circulant. In first case, G can be easily reconstructed from prime-order vertex-transitive tournaments. In the second case, as we clearly have AutðZ pq Þ ¼ Z pÀ1 Â Z qÀ1 , a normal circulant tournament may be easily and explicitly constructed. Therefore circulant tournaments of order pq are completely characterized by Theorem 4.3. This leaves us the task of giving more information of the non-circulant tournaments (type (3) of Theorem 4.3). This case will be discussed in [8] .
5 2-closed odd-order transitive groups of degree pq Finally we study 2-closed odd-order transitive permutation groups of degree pq where p and q are distinct odd primes. First, using Theorem 4.3, we prove that the odd-order transitive permutation group G where Z pq c G c Z pq z AutðZ pq Þ must be the full automorphism group of some tournament of order pq and hence is 2-closed.
Lemma 5.1. Suppose that G is an odd-order permutation group of degree pq where p and q are distinct primes. Suppose also that Z pq is a normal regular subgroup of G. Then G ¼ Z pq z K where K c AutðZ pq Þ is of odd order. Moreover, there exists a tournament G of order pq such that AutðGÞ ¼ G and so G is 2-closed.
Proof. Since G has a regular normal subgroup Z pq , G is a subgroup of the holomorph of Z pq . Therefore G ¼ Z pq z K where K c AutðZ pq Þ is of odd order. Consider the natural action of K on the set W ¼ Z pq nf1g. Suppose that O 1 ; . . . ; O n are the orbits of K on W. Since jKj is odd, for each orbit 
i¼1 O i and let G ¼ CayðZ pq ; SÞ. Then G is a circulant tournament, and G c AutðGÞ. We claim that G is a normal circulant. Suppose otherwise. Then by Theorem 4.3, this Cayley digraph is also a lexicographic product G ¼ G 2 ½G 1 . By the proof of Theorem 4.3, we may view the vertex set of G 1 as the block B 1 of AutðGÞ which contains the vertex 1. Since Z pq c AutðGÞ acts regularly on the vertex set Z pq by right multiplication, it follows that Proof. We may suppose that M has q orbits B ¼ fB 1 ; . . . ; B q g on W, and that M is not faithful on any orbit. Let
be the permutation group induced by G B 1 on B 1 , and let G 2 be the permutation group induced by G on B. Therefore G c G 1 o G 2 . We may suppose that both G 1 ¼ Z p z Z d and G 2 ¼ Z q z Z l are of odd order. By Corollary 3.6, both G 1 and G 2 are 2-closed.
Let K i be the kernel of M on the orbit B i . By the same proof as in Lemma 4.2, we have
c G, and therefore
Consider the action of
, and so we have K ¼ K a K b . By Wielandt's dissection theorem, we have
Since G is transitive on B it follows that
are both of odd order. Then there exists a tournament G such that AutðGÞ ¼ G.
Proof. By Corollary 3.6, there exist a tournament G 1 of order p and a tournament G 2 of order q such that AutðG 1 Þ ¼ G 1 and AutðG 2 Þ ¼ G 2 . Let G ¼ G 2 ½G 1 . Then G is vertex-transitive. By Theorem 4.3, AutðGÞ ¼ G. r
The following theorem tells us that there are three types of 2-closed odd-order permutation groups of degree pq. (3) in Theorem 5.4 is the regular group Z p z Z q where q j p À 1. However we do not know whether any group G of type (3) is indeed 2-closed, nor whether there exists a tournament G such that the full automorphism group is exactly G. We will discuss these questions in [8] .
(2) Suppose that G is a 2-closed odd-order permutation group of degree pq with a regular cyclic subgroup. By Theorem 5.4, G is of type (1) or (2) . In this case, we proved that for each group G of type (1) or (2), there exists a tournament G such that G ¼ AutðGÞ. This implies that each group of type (1) or (2) is indeed 2-closed. We state this stronger result in the following theorem.
Theorem 5.5. Suppose that G is a 2-closed odd-order permutation group of degree pq, where p and q are distinct odd primes, such that G has a regular cyclic subgroup. Then there exists a circulant tournament G of order pq such that G ¼ AutðGÞ. Moreover, one of the following holds:
(1) G has a normal regular subgroup Z pq and G ¼ Z pq z K where K c AutðZ pq Þ is of odd order;
where Z p c G 1 c Z p z Z pÀ1 and Z q c G 2 c Z q z Z qÀ1 are both of odd order; moreover G acts imprimitively on B Â D or D Â B respectively where jBj ¼ p and jDj ¼ q.
